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SMALL-TIME EXPANSION OF WAVE MOTION GENERATED
BY A SUBMERGED SPHERE

E. V. Pyatkina UDC 535.59

A nonlinear problem of motion of a solid sphere near a free surface of an infinitely deep fluid is
considered. For the case of motion with a constant acceleration starting from rest, the solution is
studied using a small-time expansion. FEzrpansion coefficients up to the fourth power inclusive are
found for the free surface elevation and for the force acting on the sphere. The solutions for linear
and nonlinear conditions on the free surface are compared.
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Introduction. The problem of motion of bodies under the surface of a heavy fluid has been studied by
many authors. An approximation for a body moving under the free surface by a velocity-potential singularity was
first proposed by Lamb [1] and was further used by Havelock in the problem of motion of a sphere in a deep fluid [2].
Wu and Taylor [3] considered the motion of a sphere using multipole expansion over the sphere surface. All the
above-mentioned solutions were obtained within the framework of the linear theory for the case of steady motion.
Tyvand and Miloh [4] considered the impulsively starting motion of a horizontally submerged cylinder commencing
from rest with constant velocity and acceleration in nonlinear formulation. Small-time expansion up to the third
order of the surface elevation was found [4] and the hydrodynamic force on the cylinder was also discussed. The
same problem was solved in [5] in the small-cylinder approximation. Waves excited in a two-layer fluid by a naturally
rising sphere were considered by Mindlin [6].

In the present work, we solve the nonlinear unsteady problem using the method of reducing the initial
Cauchy—Poisson problem to a system of integrodifferential equations on the free boundary. This method has been
previously used in studying the well-posedness of problems of motion of a fluid with free boundaries [7]. Using
this method, Makarenko [8] obtained and justified the dipole approximation for the problem of motion of a circular
cylinder below the free surface. In [9, 10], the unique solvability (local in time) of the unsteady problem of motion of
a submerged sphere was proved, and the method of its approximate modeling by a system of multipoles concentrated
in the center was described.

The main objective of the present work is to construct the small-time expansion of the free surface elevation
(with allowance for nonlinearity of boundary conditions) and the force acting on the sphere.

1. Formulation of the Problem. We consider the motion of a completely submerged sphere in an
infinitely deep inviscid incompressible fluid with a free surface from above. The gravitational acceleration g is
directed downward along the z axis, and the Oxjx4 plane coincides with the undisturbed free surface. A sphere
of radius R moves with a constant acceleration A. We choose |A| as a unit of acceleration and the distance H
from the undisturbed free surface to the sphere center at the initial time as a unit of spatial variables. Then,
the units of velocity, potential, time, and pressure are \/|A|H, Hv/|A|H, \/H/|A|, and p|A|H (p is the constant
density of the fluid), respectively. We introduce a dimensionless parameter — the Froude number Fr = /|A|/g.
The main dimensionless parameters of the problem are ¢ = R/H, the coordinates of the sphere center x. =
(a1t%/2, ast? /2, a3t? /2 — 1), time t, sphere velocity v. = (ait, ast, ast), and acceleration a = (a1, az,as), |a| = 1.
The equation for the free surface I'(¢) has the form z = h(z,t), © = (x1,22). The spatial variables x1, z3, and z
here are dimensionless.
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The Cauchy—Poisson problem for the dimensionless velocity potential ®(z1, 22, z,t) has the form

AD =0 (—o0 < z < h(z,t), |x—z]|>¢),
hi4 @y hyy + Ppyhp, =@, &4 |[VO2/2+Fr 2h =0 on I(t),
n- (VO®(z,z,t) —v.(t)) =0 onsphere S., |V®| — 0, h(z,t) -0 for |z|+ |z| — oo,

h(z,0) = ho(z), ®(z,2,0) =Py(x,2), ADP;=0, n-(VPy(z,z)—v.(0))=0,

where = (z,z) and n is the unit vector of the normal to the sphere S..

2. Reduction to the Boundary. In the initial problem, the domain of definition of the sought function is
unknown. By introducing the auxiliary functions ¢(x,t) = ®(z, h(z,t),t) and (z,t) = @.(z, h(z,t),t), we divide
the Cauchy—Poisson problem into the Cauchy problem on the free surface and a mixed boundary-value problem for
the Laplace equation in the domain occupied by the fluid. The Cauchy problem is formulated with the help of the
conditions on the free surface [7]

hy = =VoVh+ (1 + |VA*), o1 = —|Vp|?/2 = Fr2h + (1 + |Vh|*)y? /2 (2.1)
and initial conditions
h(.CC, 0) = hO(x)a 90(1‘70) = '1)0(93, ho(l‘))

System (2.1) is closed by an integral equation obtained using the Green formula

4 () = / Gz, y)n - Vo(y)dS — / B(y)n - VG (,y) dS.
S s
Here y = (y,h(v)), y = (y1,y2), S = I'(t) U S¢, n is the normal to the boundary S, and G(x,y) is the Green
function of the external Neumann problem for a sphere [11]:

€ 1 e — x|y — x| — (& — xc, y — @)

N(z,y) = L
@Y = @ ey — -zt E @) - (- 2] - (&= wey — @)

[the asterisk indicates inversion (z — x.)* = e?(z — z.)/|x — x.|? of the point = with respect to the sphere S.].
Since, by construction, we have n - VG(x,y)|s. = 0, one of the integrals over the sphere surface vanishes, and the
other is the solution of the problem of sphere motion in an infinite fluid flow:

e3(ve, T — )

1

il VP =

4W/G(cc,y)n Vo(y)dS 2w —w P
Se

Then, integrals over the free surface only remain in the Green formula, i.e.,

Ve, & — T¢)

3
And(z) = / Gz, y)n - Vo(y)dS — / B(y)n - VG (x,y)dS — 21 = (I s
T —x.
I(t) I(t)
We differentiate the resultant equality with respect to z and direct the point & to the free surface. Taking into
account the jump of the potential of the double layer, equal to —27®,, we obtain

amp(a,t) = — [ MEDZED 101 92 - VTl dys die
R2

lz -yl
_ 3 3 _ 2
+/ (x —y)Vo(y,t) dyy dys — 2retast t6r S (h(z,t) —ast®/2 + 1) vo - (@ — )
|ZE—y|3 |$—:BC|3 ‘w_wc‘S
R2 R2



where © = (z, h(x,t)) and v = (—hy,, —hy,,1). In the right side of Eq. (2.2), the first two integrals do not depend
explicitly on e. They are also retained in (2.2) if the sphere radius equals zero, which yields an equation for the
problem of free waves. The integrated terms correspond to a dipole moving in an infinite fluid. The last two
integrals are responsible for the sphere—free surface interaction and vanish at e = 0. Equations (2.1) and (2.2) form
a closed system. Its solution allows one to reconstruct the velocity potential of the fluid everywhere in the flow
region. Then, using the Cauchy—Lagrange integral, we find the pressure of the fluid on the moving sphere.

The function N(z,y) can be represented as a series in powers of &:

g k
Nz y) = m—wAHW—nﬁﬂ+€g: {Ejm—w Iﬂy—wﬁﬂ}

n=1

ﬁi 4 Zlﬁuhwmdwg (MFMJGQ‘“w‘wﬁmy‘w4”0n

| ‘y — L t
1 - = n(2n — 1N € n+1
+eZ; : {2; A e T (e o Y premew )

(@ —zc(t),y — zc(t)\" e? “any b
(1 ) (- ) b
|z —z(t)] |ly — z(t)] [z —zc(t)| |y — @ (t)]

This series converges if €2/|x — z.(t)| |y — z.(t)| < 1, where the points = are y are located on the free surface.

This condition means that the sphere during its motion should be completely submerged into the fluid. After
transformations, we obtain

1e¥(x -z, y — x0) ed > n-1 (- R

€
N(x — + :
(,y) = 2 e —zBly —x?  |x— |3y — 2|3 7;3 e — x|y — x| ’; k).

R (2n =D, k_ 4n—2k+1 (z — @,y —z)*
+Y > (=) ch( 2)%e @ — P |y — @ P
n=2k=0
Zi 1]Jq
oo [i/2] k a=2
(=1) k! 2i—om—1 (& = T,y —x)™
+ . B RR N YN 12 e i i
;k:l k ]2' ]z' Z k J2 |$_xc|l‘y_xc|l

(lh +2ig+ ...+ nip=n,i1+is+...+i, =k, 2jo+ ...+ ij; =i, and jo + ... + j; = k). Here By m,j,,...j, are
numerical coefficients

. —1
min(m,0) min (m 5 “‘)
Bieism,ja,.nis = > EE ) A2,ms o

ma=max (O,Tnf > [%]J’q) m;_1=max (O,m* > [qgl]jq)
q=2,q#2 q=2,q7#i—1

A tm g Aimema— o —ma i
ki ks ~Fle-1)/2) Jp=(kitethi@-1/2) k1 Fle-1/2)
Ap, lpjp = C ij—kl ij—kl— —kip—1)/21- 19,0 ap1 Ay, l(p—1)/2)°

ki +2ke + ...+ [(p - 1)/2]k[(P—1)/2] = lpa 0< lp < [(P - 1)/2}jp§

k?1 + kz 4+ ...+ k[(p—l)/2] g jp;

jp_j_1 n(Qn ) p—j—n—1 j.
apj = (=1) Z (-1) W Cn+p Ji— 2O
max(1,5)
U1y esdny J2,- -5 Ji, and ki1, ..., kp—1)/2) are integer nonnegative numbers, and [v] is the integer part of the num-

ber v.
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Substituting the resultant representation of the function N(x,vy) in the form of a series in powers of ¢ into
the Green formula for the velocity potential, we may draw the following conclusion. Exact satisfaction of the
boundary condition on the sphere surface corresponds to the assumption that an infinite number of multipoles are
concentrated in the center of the sphere; the strength of the multipoles depends on the parameter ¢, instantaneous
elevation of the free surface, and velocity potential of the fluid on it. The small value of the parameter £ implies
that the sphere is initially located rather far from the free surface. We seek the solution of the initial problem in two
approximate formulations. The first approximation is obtained by discarding terms of order £ and higher in the
kernel N (zx,y) of the integral equation (2.2); the second approximation is obtained by discarding terms of order 7
and higher. The first and second approximations are called dipole and modified dipole approximations, respectively

3. Derivation of Auxiliary Relations. Here, we derive relations valid for all approximations considered.
At the initial time, the fluid is at rest, and the initial conditions are h(z,0) = 0 and ¢(z,0) = 0. The solution of
system (2.1), (2.2) is sought in the form of series in powers of ¢:

(h7(p)w) = (O7Oaw0) + t<hl7@17w1) + tQ(h27gp27w2)/2 + tg(h379037¢3)/3! +....

Equations (2.1) yield recurrent formulas relating the expansion coefficients of unknown functions:

hi =0, ha=v1, o1 =1}/2, w2=—Fr"2g+vot;
for ¢ > 2, we obtain

hipa = Zwkvm k+w1+2¢z kZVh Vhin,

k=1 k=2 n= 1
i i—k
Pip1 = ——Zwkw p—Fr2h+ 5 Zwt Kt s ZZW Vhi - nzlpmwz P
k 2n=1

It is clear that the coefﬁments of expansion of the free surface elevation and velocity potentlal of the fluid in powers
of t are expressed via the expansion coefficients of the function . The equations for v; are derived by expanding
Eq. (2.2) in powers of ¢.

We introduce the following notation for integral operators:

1 h(z,t) — h(y,t
| g;__ylgw [V, D)y, 1) dun dye,
R2

Bop = - [ 84 ()~ hn )V
R2

VQD(ya t) dyl dy?;
1
A= 5 [ Vel )(1 4 VB O 000 1) din die,

&w=——i/N=erM%)VM%)@Mm——i/ - VIN.(z, y)e(y,t) dys dys.
R2
We designate the integrated terms of Eq. (2.2) as

e3ast e3(h(z,t) — ast?/2 + 1)
wdip - - — 3 + 3 _ 5
|z — x| |z — x|

v, (r —x.).
We rewrite the equation for the normal derivative using the new notation:

Y = Aop + Boy + waip + Actp + Bep. (3.1)
Note, the function N(x,vy) has the third order of smallness in ; therefore, the operators A, and B, are quantities
of the same order. With allowance for expansion of h in powers of ¢, the integral operators can be represented in
the form of the series

2 3 4 t? 5
IO BT AT B Y OO B S () B 1 C) _Bw 2 p®
0 U R e R e U S Y 150 *-

12 t 12 t3
AE=A§0)+EA§2)+QA§4)+120A(5) , B.=BO 4= 5 B()+EB§3)+... .
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The absence of terms of order ¢ and ¢3 in the above formulas is explained by the quadratic dependence of the
coordinates of the sphere center on time. The expansion of the function wgip contains only odd powers of ¢, and the
operators with the subscript € are determined by the kernel N(x,y) and are different in different approximations.

The functions ; satisfy the integral equations obtained from Eq. (3.1) by equating coefficients at identical
powers of t:

(I =AY =fi (i=0,1,2,...). (3.2)
The right sides f; have the form
fo=0, fi= wdlp A(1)1/1 0, fa= Aé2)1//0 + APy + 2Aél)¢1,

f =)+ By + BO gy + 340 s + APy + 3441 + 3434,
1= B 01+ BOps + 1A s + 647 + 447 11 + 64y + APy + Ay,
fs = wi) + BP 05 + 1088 03 + BO 5 + 10BP) 3 + 5A s + 1047 15 + 104505 + 5A5 v,

+10A® s + 5AD Y + AP o + APy, ...

4. Dipole Approximation. In this subsection, we seek the solution of system (2.1), (2.2) with accuracy
to €. This is called the dipole approximation, since the sphere is modeled by a dipole moving with a velocity v, in
an infinite fluid. In the dipole approximation, we have

1 3@ —m(t), y — z(1))
2 [z —z(t)Ply — zc(t)]>

N(z,y) =

In this case, the operator Aéo)wi has the form

3 . 3 .
A(O)wz — 1 € /( wz(y) dyl dy2 _ i €71 /(ylwz(y) dyl dy2

4 (22 + 1)32 2 + 1)3/2 An (22 1 1)5/2 y2 1 1)3/2
R2 R2
3 3wy Y2 (y) 3 g’ Yi(y)
iy dy1 dys — — dyy dys. 4.1
An (22 + 1)5/2 / (y2 +1)3/2 yrdyz — @211 / 2+ )32 Y1 dy2 (4.1)
R? R2

% for small € was established in [12]. Hence, if the right

The convergence of the Neumann series for the operator Ag
side of the integral equation (3.2), where the operator Aéo)dzi is determined by formula (4.1), equals zero, then the
only solution of this equation also equals zero. Since iy = 0, the operator is Aél) = 0, and the right side of the
equation for 1 is also equal to zero. Then, we have 15 = 0; hence, Aég) =0 and ¢y = 0.

The right side of Eq. (3.2) for ¢ remains unchanged for all approximations in &:

f _ 53113 4 383((11:171 + asx9 + a3)
L= (22 +1)3/2 (22 + 1)5/2
Discarding terms of order €5 in the solution of the integral equation for 1)1, we obtain
() = — e3as 3e3(a1z1 + asxs + az)
)= (22 4 1)3/2 (22 4 1)5/2

The solution for 11, as the right side of Eq. (3.2), has the third order of smallness in terms of . Thus, the operator

A&‘%l is of order %, and finally, the solution of Eq. (3.2), within the accepted accuracy, is equal to its right side.
In the dipole approximation, this is valid for all ;.
The right side of Eq. (3.2) for 15 is determined by the formula

3 0
fz= wf(hz) B(() )3,
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since Aél) = A(()S) = 0, and the remaining terms in f3 are discarded because they have the sixth order of smallness

in terms of €. Thus, we obtain

9¢e3 3 a171 + asT2 + asg
fs= T (a2 +1)52 187as (22 + 1)5/2
5 (@171 + agwy +a3)® 1 / (z —y) Ves(y)
45¢3 — | ——————=dy; dys.
+ 4oe (22 +1)7/2 QWRZ |z —y|? Y1 ay2

The integral in the last formula arises because of the operator B(()O)go?,. In this approximation, the nonlinear terms

in the free-surface conditions do not contribute to the solution. Therefore, we have

5 a3 2 3e3(ar1my + azws + az)

(22 +1)3/2 (22 41)5/2

p3(x) = Fr
To calculate B(()O)gog, we use the Fourier transform for the Riesz integral operator

1 [ (z—yuly)

Ru(x) = Py / P dyy dya  [u = (u1,u9)],
R2

for which the following formula is valid: é&(g) = isign £0(§). Here & = (£1,&) and 4(§) = (u1(€),u1(£)); the

vector is sign £ = 0 for £ = 0 or sign & = {/|¢| otherwise. We assume that u; = ¢3,, and ug = ¢s,,. The Fourier

transform of the function Béo)go;g has the form

-

0 - gl
By p3(6) = Fr*cPe ¥l (ias|€* — ar[€l€r — azléléa).
Using the inverse Fourier transform, we obtain

1 [ (z—y) Vesly)
2 |z —y[?
R2

a1r1 + asxo + 3ag 5Pp228 a1T1 + agx2 + as

_ —2_3
dyy dys = 3Fr™ "¢ @+ 1) CEFE

Then, we have

a1r1 + a2x9 + 3&3 a1x1 + a2 + as

_ -2 3 -~ -2 3
() =3Fr ¢ 21 1) 15Fr ‘¢ E 1)
983 3 a1x1 + a2 + as 3 (0,1:)51 “+ asxo + CL3)2
@ BT @y TP T g
As a result, we obtain the free-surface elevation in the dipole approximation
3 5 a171 + aswy + az(2 — 1?) 3 1
h(z,t) =t Y ——
(z,1) 5 ¢ (22 + 1)5/2 8° (@21 1)5/2

. t4 § 53 a a1x1 + agxy + as 4 15 3 (alxl + agsxo + a3)2

1€ BT e §° 7 @ty

~2 44 1 23 a1z1 + asxs + 3as 2 § 3 171 + axT2 + as
8 (22 +1)5/2 8 (22 +1)7/2

Figure 1 shows the surface of the fluid in the case of horizontal motion of the sphere along the z; axis.
The sphere of radius € = 0.5 moves with an acceleration |A| = g/4. At the initial time, the free surface is the
z = 0 plane. The motion of the sphere is considered until the time ¢ = 1; per dimensionless time unit, the sphere
passes a distance equal to half of its initial depth H. For the slow acceleration of the sphere considered, two first
ridges of the wave wake are formed during the time period mentioned.

5. Modified Dipole Approximation. To obtain a system of equations of the modified dipole approxi-
mation, we make the following substitution in (2.2):

1 53(:8 B wc(t)a Y- mc(t)) 1 65 55(13 B :I:C(t), Y- wc(t))2

2z OPly -z OF 3 e @)Ply - @O &z ()P ly — z(0)]

+Fr

+ O(t°).

N(z,y) =
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Fig. 1. Free surface in the case of horizontal motion of the sphere at different dimensionless times:
t=0.25 (a), 0.5 (b), 0.75 (c), and 1.0 (d).

In this case, in the solution, we neglect terms of the seventh and higher orders in €. In this approximation, the
operator Aéo)wi has the form
1 3 i (y) 3 2 (14 - y)bi(y)
40y — L / i dyr dys — / ) gy, d
Wi Ar (22 +1)3/2 | (42 +1)3/2 Yrayz2 = (22 + 1)5/2 (y2 + 1)3/2 Y1 aY2
R2 R2
o / (1+z-y)Y; 5 e’ / (1+x-y)%;

dy, d —
(22 + 1)5/2 (y2 + 1)5/2 Y1ayz + o (22 +1)7/2 (y2 +1)5/2
R? R?

5 .
1 € /( ¢l(y)3/2 dyl dy2

| =

dy1 dyo

3

C2m (224152 ) (y241)
R2
As in the case of the dipole approximation, if the right side of Eq. (3.2) equals zero, then its only solution is also
zero. Therefore, we have 1y = 99 = 14, = 0 and, similar to the previous approximation, A(()l) = Aé?’) = 0. The
function
e3ag 3e3(a1my + asxs + as) 3 gairit+asra+2a3 1 4 as
U1(x) = — ——c + -’
(22 4 1)3/2 (22 4 1)5/2 16 (22 4 1)5/2 8 (22 +1)3/2

is the solution of Eq. (3.2) for ¢; in the modified dipole approximation. In this solution, we discarded terms of the
eighth and higher orders in e. Terms of the sixth order in € in 1 (z) appear because of the operator Ago)wi. Thus,
in this approximation, the sphere is simulated by a dipole whose strength is a sum of two terms. The first term if
the strength of the classical dipole, and the second term is the strength of the induced dipole, which characterizes
the interaction of the sphere and the free surface. Since the initial conditions of the problem are zero, the solution
has the order 3. Being a functional of the instantaneous elevation of the free surface and velocity potential on the
latter, the strength of the induced dipole is a quantity of order 5.
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The main difficulties in solving the equation for the third coefficient in the expansion of the function v arise
because of the presence of the terms Béo)cpg and AéQ)wl in the right side of f3. The modified dipole approximation
takes into account the nonlinear terms of the conditions on the free surface (quantities without the factor Fr™?):

3

_ e%ag -2,3 ai1x1 + asx2 + as _2 3 g a1x1 + asx2 + 2a3
r)=F?—2 __ _3F +F " —c
903( ) (Iz 4 1)3/2 (x2 + 1)5/2 16 (ac2 + 1)5/2
o1 as 53a3 a121 + asxs + as\ 2
— Fr 2 6 (_ 3 3 )
8¢ (22 41)3/2 * (22 +1)3/2 o (22 41)5/2

The Fourier transform of the integral

(0) 1 (x —y) - Vs(y)
Byps = 27r/ G e+ (o = o578 Bl

as in the dipole approximation, is calculated using the Fourier transform of the Riesz operator and has the form

o —

B 3 = Fr 2%~ ¥l (jag|¢ |2 — ar €)1 — azlé|én)

+ 2% (i, €16y + ian|€|€ — asl€] + as|€[2) /16 + i(&1 /€)W, (€) + i(Ea/ €)W, (€).

The Fourier transform of the term that appears because of the nonlinearity of the dynamic boundary condition,
has the form

R+ 220, 0) = & (F BIEP Kall) — Fiaslarés + aa) € Fal€)
3 3
— B Ks€) + s 16 K e]) - o 2a3|£|4f<3<\s|> o adlel e

— s (@i T G PIPK(E) - o aeldPa ) + o ias(mE +we)E K ).

Here K;(z) are modified Bessel functions of the second kind of order i (or Macdonald cylindrical functions). The
result of action of the operator

@, _ 1 ha(z) — ha(y)
Ao = 27TR/2 (x1 —y1)? + (22 — ¥2)?)

573 ¥1(y) dy1 dys

is also found using the Fourier transform:
nom 1 - ~ 1 . .
AP = 5 €] /1/}1(5 —mv1(n) di dnz + o / 1€ = nl1 (€ — m)bi(n) dm dne.
R? R?

Taking into account that the convolution of the Fourier transforms of two functions yields the Fourier transform
for the product of these functions, we obtain

APy = —|E[R3©) + §(9),

where

a1x1 + asxrs + 3as

g(m) = 3€6a3 ( —33¢% 171 + ax2 + a —9¢ (0121 + as2s + a3)2 + 4568 (121 + ap7s + a3)2

22 4 1) ST (@2 1)’ (z2 +1)5 (z2 +1)6
The calculations yield

€[62(€) = —ilE1/ €DV, (€) — i(€a/ €A, O)-
To find the inverse Fourier transform for the functions 360)903 and A((J2)’L/11, we use the integral formula (see for-
mula 6.576.3 in [13])

F(lv=A+pu+1)/2,(v—X—pu+1)/2v+1;—a?)

_ 221~ VT(1 +v) Ooxi)\ N ) d
- P((V—)\-HH-1)/2)F((u—)\—u+1)/2)O/ Ky(@)J(az) de,
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where v — A+ 1 > |u|, I'(2) is the gamma—function and J, ( ) is the Bessel function. Because of the presence of the

Macdonald functions in the expressions for B (0)4,03 and A )wl, the right side of the equation for i3 and, hence, the
solution itself are expressed via hypergeometric functlons.

Thus, we obtain the time evolution of the free surface in the modified dipole approximation with an accuracy
to t5:

h(z,t) = 2 (§ 23 a1x1 + asxe + az(2 — gc2) 3 6 a1z +agry +2a3 1 26 as )
2 (22 +1)5/2 32 (22 +1)5/2 16~ (22 +1)3/2

3 3 a1x1 + asxo + as i o 15 3 (a1$1 + asxo + Cl3)
(22 + 1)5/2 3 (2 +1)7/2

24 L 1 23 a1x1 + asxrs + 3as ~244 9 5 £3 a1x1 + asxs + as t4 6 18a§ — TFr %a

Fr— — Fr — e
+ 85 T (2+ 1) 85 T (@117 21" 162+ 1)
n ﬁ 6 9(1 —a3) t4 o2 U1 + axz2 +az ﬁ 6 45(a1x1 + asxs + az)?
24 ° 16(22 + 1)5/2 8(x2 +1)5/2 24 16(22 +1)7/2
_ﬁ 26 45&3(&1.%1 + asxo + a3) n ﬁ Fr—2g6 15(&1.1‘1 + agxo + 0,3)
24 16(22 + 1)7/2 24 16(22 +1)7/2
o, 15 /37 105 39
L F(—,—;l, 2) —22 (1942 — F( 21— 2)
+245”{ %5 (53 + g5 (1943 —3F (5, 5~
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+ 12_8 (1 —a3)z? 141275 F(; 12—1; 3; —x2>} + O(t%).

The expressions for the function h(x,t) obtained in the dipole and modified dipole approximations allows
us to compare the influence of the modified dipole and nonlinearity of the boundary conditions on the free-surface
elevation of the fluid.

Figure 2 shows the free-surface elevation for both approximations at the time when the sphere has passed a
distance equal to half of its initial depth. In the second approximation, the solutions of the problem with linear and
nonlinear conditions on the free surface are given. The sphere radius is € = 0.6, and the acceleration is |[A| = g. In
the case of vertical motion of the sphere, the greatest difference in the solutions for this value of ¢ is observed; the
difference is greater in the case of ascent than in the case of descent. In the case of horizontal motion of the sphere,
the difference in the solutions is minimum.

6. Force Acting on the Sphere. We calculate the force acting on the sphere in the dipole approximation.
The pressure in the fluid is found using the Cauchy-Lagrange integral:

p(x,2,t) = =8y (z, 2, 1) — |[VO(z, 2,1)|?/2 — Fr 22
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Fig. 2. Free surface in the case of vertical ascent of the sphere: the solid curve refers to the nonlinear
modified dipole approximation, the dashed curve to the linear modified dipole approximation, and
the dot-and-dashed curve to the dipole approximation.

The force acting on the sphere is determined by the formula
R=— / pndS,

Se

where n is the external normal of the sphere. As the solution of system (2.1), (2.2), we seek the velocity potential,
the pressure in the fluid, and the force R in the form of series in ¢

((I)ap7 R) = (‘I)O7p07 RO) + t(q)hplle) + (t2/2)(¢27p27 RQ) =+ (t3/3!)(¢)37p37 R3) +..

where

Ri = —/pi’l’l,dS.
Ss

Using the Cauchy—-Lagrange integral, we obtain the following recurrent relations:

po(ﬂ]‘,Z) = —<I>1(x,z)—Fr_22, p1(1‘72) = —@2(1‘,2), pg(l‘,Z) = —(1)3(.1‘,2)— |V(I)1($,Z)‘2,
p3(x,z) = —Py(x, 2) — 3V (x, 2) - VPa(z, 2),
pa(z,2) = —®3(x,2) — VO, (2,2) - VB3(z, 2) — |VPs(z, 2)|?,

ps(x, 2) = —=Pg(x,2) — 10V Py(z, 2) - VP3(z,2) — 5V Py (2, 2) - VPy(x,2), ... .

Using the expressions for h, ¢, and 1 (see Sec. 4), we obtain &y = &3 = &4 = 0. Then, formulas (6.1) yield
p1 = p3 = ps = 0. Hence, we obtain Ry = R3 = R5 = 0. The coefficients Ry, Ry, and R, of the force expansion
are found by integration. For convenience of integration over the body surface, we pass to spherical coordinates
with the origin at the center of the moving sphere:

r] =ecosacos B+ art?/2, o =ccosasinf+ ast?/2, z=cesina— 1+ ast?/2,

—r/2< a< /2, 0< B <2m.
We have
on /2
Ry = —/pondS: —/ / Po(e, a, B,t)(cos a cos (3, cos asin 3, sin a)e? cos a dav d3.
Se 0 —7/2

Note, the pressure pg on the sphere surface depends on time, since the sphere leaves its initial position while moving.
Hence, the vector Ry is also time-dependent and can be expanded into a power series in ¢; this is a series in even
powers, since the sphere-center coordinates depend quadratically on time:

Ry = Ry + t2R02 +t4R04 +....
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Fig. 3. Force directed oppositely to acceleration of the sphere versus time (a) and cross section
(x2 = 0) of the fluid surface at the time ¢t = 0.8661 (b) for A = 0.25¢.

Analogously, we obtain
Ry =Ry +t°Ros + ..., R,=Ry +t’?Ryg+... .
The expansion of the force acting on the sphere in powers of ¢ has the form
R = Ry + (Ro2 + Ro2/2)t* + (Ros + Roa/2 + Rua/24)t*
+ (Rg/6! + Ros + Rag/2 + Rug/24)t° + (R7 /Tt + ... .
Integration over the sphere yields
R=F, —2rc%a/3 + F,

where Fj is the buoyancy force and 2we3a /3 is the force acting on the sphere moving with an acceleration a in an
infinite fluid. The term F = (Fy, Fy, F3) is responsible for the wave load has the order £%:

Fy = 1a1€%/12 — t*1a, % (Fr—2 — 3a3)/8 + tima,1e5(2Fr—* — 15Fr2a3 + 75a2)/96 + . . .,
Fy = 1ape® /12 — t*mage® (Fr=2 — 3a3)/8 + tmageS(2Fr ™ — 15Fr2a3 + 75a3)/96 + . . .,
Fy = maze®/6 + t>me8(—1 + 5a3) /8 + t*web (15Fr 2 + 2(—6 + Fr~*)az — 33Fr%a2 + 48a3) /48 + ... .

In the case of horizontal motion with slow acceleration of the sphere, the force directed oppositely to the
motion depends on time nonmonotonically. The time when the force reaches an extremum (Fig. 3a) corresponds to
the time when the second hump is formed on the free surface (see Fig. 1d). The cross section of the free surface by
the vertical plane of symmetry is shown in Fig. 3b. In the case of fast horizontal motion, the wave load increases
monotonically with time.

Thus, a small-time expansion of the free surface elevation is found in the case of uniformly accelerated
motion of the sphere starting from rest in the dipole and modified dipole approximations. An expression for the
force acting on the sphere is also obtained in the dipole approximation. The method used to reduce the initial
problem to a system of integrodifferential boundary equations allows obtaining the solution of the problem with
nonlinear conditions on the free surface.

The author is grateful to N. I. Makarenko for the formulation of the problem, assistance in the work, and
discussion of results.
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